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Motivation

Compressible flows

» Coming from a variety of scientific and
engineering problems,

* Featured with strong shocks, contact
discontinuities, free surfaces, interface
instabilities and mixing processes...

ALE method plays a dominant role
in the field of engineering research.



* Mesh moving strategy
— Important to computational resolution

— Previous work: mesh moving strategy based on spatial
control volume

— This work: considering mesh moving strategy based on
time-space control volume
* High order ALE both in time and space
— multistage high order in time Runge-Kutta
large computational expense
— single-stage high order in time GRP, ADER

* GRP(acoustic approximation) + Lagrangian scheme(Maire 2009)
« ADER + one step ALE (Dumbser 2011)
* GRP + one step ALE (this work)



A tully-discrete high-order ALE method \ ‘

* Discrete framework
— Fully-discrete method
* ALE mesh
— Vorticity-free mesh

* Flux computation
— GRP solver




Semi-discrete ALE method
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Fully-discrete ALE method
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Comparison of two ALE framework

Semi-discrete method
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Fully-discrete method When side is a parallelogram.
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 Relation of equivalence

 Shape of control volume
— Spatial control volume: only twist in space

— Time-space control volume: twist in time or in space



Question

* When mesh is moving , control volume may
cause two kinds of deformation.

— Spatial deformation

— Time-space deformation
n+1 o+ T‘

t" ~ L edes

-\> _____ I/\‘

How to quantify and assess time-space deformation?

Untwisted control volume is taken as a start point.



Untwisted control volume

» Aiming at the following features

— Side is a plane

— Mesh could self-adaptively move

— Mesh reflects some characteristics of flow field
* Finding a possible way

— Vorticity-free mesh generation
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Vorticity-free mesh generation @

* According to the Helmholtz theorem.
U=Vgp+V XA,

Usin=Vo,
U,,r =V XA, V-A=0,

A vector field can be uniquely determined.
U="Ugi» +Uqor,

» Avoiding twist, Uy, is taken as the mesh velocity K.

K=U;,=Vy,

Solving the Laplacian equation to get Vg .
VVQ(J: VUdW I'vaPZI'IU
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Laplacian operator’s 9-point scheme , Y

* Discretizing Laplacian operator on a nonuniform mesh to get ¢ .

To solve V-Vo=V- Uy, , -
With boundary condition n-V¢=n-U, o o 9
Integrating over cell, ‘
R e I
V¢ of the cell edge is approximated b

¢ 18 pPp Y o © O

Vo= / nedA
ACEH Jcell

4

. : 1
¢ at the vertex is approximated by EZG%.
i=1

9-point stencil

9

So Laplace operator’s discretization on cell ABCD: Lsgp= Z”‘Si i

Forming linear equation A¢ =B m@

i=1
>‘?qu .



Vorticity-free mesh
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Vorticity-free mesh

* Such mesh velocity is unique by the Helmholtz
decomposition theorem.

* Mesh angle is unchanged.

* The time-space control volume is convex and its
side is plane.
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A tully-discrete high-order ALE method '

* Flux computation
— GRP solver
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1-D Euler equations:

U= (p,pu,pE)", X X
F(U)=(ou,pu*+p,u(pE+p)) ",

* Discretizing in Eulerian finite volume framework.

U{:—I—l U" —
]

]

aort

Fi_y)

+3

+ Approximating flux by using the mid-point rule.

F

n+

j+3

F{U”+ }

j+1

* Getting U,,7 by solving the following second order
generalized Riemann problem(GRP).

U[I{_%,f”} — ':

3

U;.r + (U, J:r { Y — _;._a;_r }’

U”l—I—I.rU]I (.I‘ xn ),
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GRP solver

GRP solver: the process to get U;.’:f analytically.

* Firstly solving the associate Riemann problem to
getU? , by Godunov solver (RP solver)

U, xe(x” ") N\
U potn)=q e V&
. . U
Secondly solving a linear system to get (=-)! ,
Du Dp Du
A —=— ) +b;(=—).=d,, — )«
Du Dp Dp +2
HF(Dn} * r(Dn) ' (Dn)
nl 1 U

* At last getting U 1=y

.17



Properties of GRP solver

An analytic second-order accurate extension of
the Godunov solver.

A close coupling between the spatial and
temporal evolution through the analysis of
detailed wave interactions .

A flexibility of application with other method.

— with adaptive mesh moving method
— with ALE method

A straightforward extension to multidimensional

cases .
18



» Firstly assuming that the data at timestep n are
piecewise linear function.

w(x,y)=w(xe,Ye) +PVw- (x—xc,y—Yyc)

1 1 Wi i T Whyeiohh
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), maxy .
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Flux computation by GRP solver (2):/

Secondly forming local 1-D generalized

Riemann problems along the outer normal

direction at each cell edge.
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Flux computation by GRP solver (3)

[APeN

» Computing centroid values w+: by GRP solver.

— Computing the angle between side and bottom

for sample procedure in RP and GRP solver

. 1 1 el
~ Computing p" "2, (u")"*2,p"*2

n+l
+1
D j-1/2,k+1/2 €”

j¥1/2,k+1/2

+1

AN+ j+1/2,k-1/2
\ j1/2,k-1/2
or ‘/
j1/2,k+1/2 / cn

j+1/2,k+1/2

n n
A j-1/2,k-1/2 B j+1/2,k-1/2 1



Flux computation by GRP solver (4)

» Computing tangential velocity (;/l)+z .

— According to the contact velocity by GRP

solver, judging the relative position of the
contact and boundary.

i
i

AN
”!_FT(”L)]L; ”EGHTIFLT LC'tlit

AN [ RY
IIP+T|{~”R)J" Ucontact < COta

1
(ullyr+z =

\

1

+ Transforming #~ and «! to# and v .

- Computing W"+z

* Finally approximating the numerical fluxes by
using the mid-point rule F=F(W"+7),G=G(W"*?)

o> 2.



Outline

* Numerical examples
-1-D
- 2-D
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Vorticity-free mesh is the same as Lagrangian mesh.
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Vorticity-free mesh is the same as Lagrangian mesh.



1-D Sod problem

density velocity pressure

Comparison of RP solver and GRP solver



2-D Riemann problem

Mesh
moving

with fluid

o e e P e i [ ) e e
0.2 04 0B 08 1
X

motionless mesh vorticity-free mesh




2-D Riemann

probl

cm

08

04

100*100cell

Leve[ RHO
20 19

19 1.83158
18 1.76316
17 1.69474
16 1.62632
15 1.55788
14 1.48947
13 1.42105
12 1.35263
11 1.28421
10 1.21579
9 1.14737
8 1.07895
7 1.01053
6 0.942105]
5 0.873684
4 0.805263|
3 0.736842
2 0.668421
1 0.6

vorticity-free mesh+RP

Tevel RHO
E 20 1.8
19 1.83158
E 18 1.76316
17 1.69474
uer 16 1.52632
3 15 1.557889
14 1.48947
B 13 1.42105
12 1.35283
it 11 1.28421
>0k 10 1.21579
a 114737
E 8 1.07895
7 1.01053
i 6 0.942105
3 5  0.873684
4 0.805263
04 3 0.736842
2 0.668421
F 1 08
T I TR [ ST R n L
04 08 0.8 1
X

vorticity-free mesh+GRP
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Green Vortex Problem

A steady state flow
with the initial conditions:
up(x,y) =sinmxcosmy,

(
(xy
(
(

I

= —COSTTXSINTY,

)
)=1,
)

0

Pol X

Y
1
pol(x,y) =10+ EFJD(CGEZHI +cos2my),
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1
08
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> [

04
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D 1 L L J
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vorticity-free mesh+RP
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pressure

Initial density  100*1

/ & Level P
= 19 105
¢ 18 1045
! 17 104

16 1035
i 15 103

14 1025
3 13 102

12 10415
1101
10 1008
9 10
9.95
9.9
9.85
9.8
9.75
9.7
9.65
9.6

L SR WER OO~ D

Level F

19 10.45
18 104
17 1035
16 103
15 10.25
14 102
13 1015
12104
0B 11 1005
- 10 10

3 9.05
i g 9.9

7 9.85
04 6 98
5 975
4 97
3 9.65
2 96
1 9.5

0.2

t=0.4

T

D L

vorticity-free mesh+GR
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The interaction of

400*400 cell

Level RHO

30 105

29 1.02088
28 0991379
27 0952069
26 0932759
25 0903448
24 0874138
23 0.544828
22 0815517
21 0786207
20 0.756897
19 0727536
18 0.695276
17 0655966
16 0639655
15 0610345
14 0531064
13 0551724
12 0522414
11 0483103
10 0.463793
0.434453
0.405172
0.375862
0.346552
0317241
0.287931
0.258621
0.22931
02

= MNWHE D00

vorticity-free mesh+GRP

Vorticity-free mesh is almost the same as Euler mesh.
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Vorticity

Concluding remarks

-free mesh was generated to avoid

Lagrangian mesh’s rotation and keeps control

volumes

of no twist.

Numerical fluxes were computed by GRP solver to

get a hig
A remap

N-precision approximation.

ving-free high-order ALE method was

proposec

| based on the above work.

Typical numerical examples were tested.



Future work

More flexible mesh generation method.

Comprehensive numerical error analysis on twisted
time-space control volumes.

Better reconstruction method and limiter.

Extension to multi-fluid problems.
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