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Physi
al Model

Physi
al Model - Monomaterial des
ription

d

dt

(∫

V (t)

dV

)
+

∫

A(t)

−→w · −→ν dS = 0

d

dt

(∫

V (t)

ρ dV

)
+

∫

A(t)

ρ−→µ · −→ν dS = 0 ,

d

dt

(∫

V (t)

ρ−→v dV

)
+

∫

A(t)

ρ−→v −→µ · −→ν dS +

∫

A(t)

p−→ν dS = 0 ,

d

dt

(∫

V (t)

ρE dV

)
+

∫

A(t)

ρ(t)H−→µ · −→ν dS = 0 ,

with H = E +
p

ρ
(enthalpy), e = E − 1

2
−→v 2

(internal energy),

−→µ = −→v −−→w

(Relative velo
ity) and :

p = f(ρ, e) (EOS)
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Notations

Notations

Spe
i�
 indi
es {j, r, k} will denote


ells, nodes and fa
es.

• Ak : in 2D, length of the edge 'k'

• −−→νj,k : outward-pointing normal at

the edge 'k'

• N : nodes of the mesh

• C : 
ells of the mesh

• E : edges of the mesh

• E(j) : set of edges bounding
the 
ell 'j'.

• N (j) : set of nodes de�ning
the 
ell 'j'.

• C(r) : set of 
ells sharing the

node 'r'.
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Numeri
al S
heme

2D Numeri
al S
heme - Monomaterial des
ription

We 
onsider a robust Lagrangian s
heme (here GLACE or EUCCLHYD

with a fa
e-based formulation of the numeri
al �uxes) in whi
h we add

upwinded adve
tion �uxes :

d

dt
(Vj) +

∑

k∈E(j)

Ak
−→wk · −−→νj,k = 0 ,GCL

d

dt
(ρjVj) +

∑

k∈E(j)

Akρ
up

k
−→µk · −−→νj,k = 0 ,mass

d

dt

(

ρjVj
−→vj
)

+
∑

k∈E(j)

Akρ
up

k

−→
v
up

k
−→µk · −−→νj,k

+
∑

k∈E(j)

Akpj,k · −−→νj,k = 0
,momentum

d

dt
(ρjVjEj) +

∑

k∈E(j)

Akρ
up

k E
up

k
−→µk · −−→νj,k

+
∑

k∈E(j)

Akpj,k
−→vk · −−→νj,k = 0

, total energy

Remark : the Lagrangian s
heme must ensure the 
ompatibility between

the motion of the nodes and the GCL.
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Numeri
al S
heme

Lagrangian �uxes

Fa
e - Node relations :

Aj,r
−→νj,r =

1

2

(
Ak

−−→νj,k + Ak+
−−−→νj,k+

)

 ∑

j∈C(r)

Aj,r
−→νj,r = 0




(1)

−→vk =
1

2
(−→vr +−→vr+) , (2)

pj,k =
1

2

(
pj,r + pj,r+

)
, (3)

pj,k
−→vk =

1

2

(
pj,r

−→vr + pj,r+
−→vr+
)
. (4)

Nodal pressures are 
omputed from the nodal velo
ities :

pj,r
−→νj,r = pj

−→νj,r − ¯̄αr (
−→vr −−→vj ) ,

where the a
ousti
 tensor

¯̄αr ∈ R
2 × R

2
is a symmetri
 positive-de�nite

matrix depending on the 
hosen Lagrangian s
heme :

GLACE EUCCLHYD

¯̄σj,r = ρj cj Aj,r
−→νj,r ⊗

−→νj,r ¯̄σj,r =
ρj cj
Aj,r

(
Aj,k

−−→νj,k ⊗−−→νj,k +Aj,k+
−−−→νj,k+ ⊗−−−→νj,k+

)
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Numeri
al S
heme

Nodal Solver

Solving the system : ∑

j∈C(r)

Aj,rpj,r
−→νj,r = 0 (5)

for all internal nodes gives the nodal velo
ities :


 ∑

j∈C(r)

Aj,r ¯̄αr


−→vr =

∑

j∈C(r)

Aj,rpj
−→νj,r +

∑

j∈C(r)

Aj,r ¯̄αr
−→vj (6)

The boundary 
onditions are taken into a

ount in the previous system by

making some minor modi�
ations in the previous system → just refer to

the method used to solve the system above for ea
h spe
i�
 boundary


ondition (Neumann, imposed pressure, plane wall. . .)
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Numeri
al S
heme

Upwind method for the adve
tive �uxes

The upwinded quantities are 
hosen regarding the sign of the fa
e relative

velo
ity

−→µk · −−→νj,k. We write for χ = {ρ,−→v ,E} :

χupk =
1

2

(
χ̃j + χ̃j+1

)
+ sign (−→µk · −−→νj,k)

(
χ̃j − χ̃j+1

)

with sign(x) ∈ {−1, 0, 1} is the sign of the real number x.

1st order 2nd order

χ̃j = χj χ̃j = χj + Lj

(−→
∇ (χ)j

)t
(−→xk −−→xj)

[−→
∇ (χ)

]
j
= argmin

(
−→
∇(χ))∈R2

∑
l∈C(j)

[
χl −

(
χj +

−→
∇ (χ) · (−→xl −

−→xj)
)]2

Lj : Venkatakrishnan limiter
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Numeri
al S
heme

2nd law of thermodynami
s

Proposition

In any 
ell 'j', a semi-dis
rete formulation of the entropy balan
e is :

Tj
d (ρjVjsj)

dt
+ Tj

∑

k∈E(j)

Akρ
up

k supk
−→µk · −−→νj,k =

−
1

2

∑

k∈E(j)

Ak

(−→
vupk −−→vj

)2 −→µk · −−→νj,k −
∑

k∈E(j)

Ak (pj,k − pj) (
−→vk −−→vj ) ·

−−→νj,k .

(7)

where Tj is the temperature in the 
ell 'j'. Providing that ∀r ∈ N (j), ¯̄σr is

a symmetri
 positive-de�nite matrix, then our s
heme produ
es entropy in

the sense that :

∀j ∈ C(r), , Tj
d (ρjVjsj)

dt
+ Tj

∑

k∈E(j)

Akρ
up

k supk
−→µk · −−→νj,k ≥ 0 (8)
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Numeri
al S
heme

Stability - CFL 
ondition

Our s
heme is a �rst-order method in time and expli
it in time. The

quantities involved in the numeri
al �uxes are expressed at time tn and the

time derivatives are dis
retized as follows :

d

dt
(χj) =

χn+1
j − χn

j

∆t
. (9)

We take the following CFL 
ondition :

max
j∈C

(
max (|vx|+ |wx| , |vy |+ |wy|) + cj

∆xj

)
∆t ≤ CFL , (10)

with

−→v = (vx , vy)
t , −→w = (wx, wy)

t
, CFL ∈ [0; 1] and cj the sound speed in

the 
ell 'j', and the length ∆xj is arbitrarily 
omputed as the ratio of the

volume over the smallest fa
e area among the surrounding fa
es bounding

the 
ell 'j' :

∆xj =
Vj

min
k∈E(j)

Ak

. (11)
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Computation method for the grid velo
ities

Computational method for the grid velo
ities

We use the L.E.L. method (Large Eddy Limitation) developed by Costes and

Ghidaglia (talk on wednesday). The Hodge de
omposition of the velo
ity �eld

−→v : Ω → R2
reads :

−→v = (vx , vy)
T =

−→
∇ g +

−→
∇⊥f , (12)

where

−→
∇⊥f ≡

(

−
∂f

∂y
,
∂f

∂x

)

, (13)

with f is 
omputed from the Lapla
ian problem :

{

−∆f = −
−→
∇ ∧

(−→v
)

, in Ω

f = 0 , on ∂Ω ,
(14)

and

−→
∇ g dedu
ed from (12) :

−→
∇ g = −→v −

−→
∇⊥f .

Remark : in 2D,

−→
∇ ∧ ( ) is de�ned as :

−→
∇ ∧

(−→v
)

=
∂vy

∂x
−

∂vx

∂y
, (15)
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Computation method for the grid velo
ities

(2D) Computational method for the grid velo
ities

In prati
e, the grid velo
ity is 
omputed as follow : :

w(x) = θg(x)
−→
∇ g(x) + θf (x)

−→
∇⊥f(x) , (16)

where the limiters are taken as :

θg(x) = ϕg

(

|
−→
∇g(x)|

)

θf (x) = ϕf

(

|
−→
∇⊥f(x)|

)

and the fun
tion ϕ is 
hosen as :

ϕ(r) ≡ min(1 ,
χ

r
)

with χ = {χg, χr} the limitation thresholds.
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Computation method for the grid velo
ities

Limitation

The limitation thresholds values χg and χf uniformly limit the grid velo
ity

within Ω.

χg χf θg θf
−→w simulation

� � 1 1

−→w =
−→v Lagrangian method

0 0 0 0

−→w =
−→
0 Eulerian method

any 0 ϕ
(

|
−→
∇g|

)

0

−→w = θg
−→
∇ g limited 
ompression / removed rotation

0 any 0 ϕ
(

|
−→
∇⊥f|

)

−→w = θf

(−→
∇⊥f

)

limited rotation / removed 
ompression

In the following results, we will always pre
ise the values for χg and χf .
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Results

Results - Monomaterial des
ription - Sod sho
k tube

Initial 
onditions

◮
Mesh : 150× 15 
ells

◮
Lagrangian s
heme : GLACE

◮
boundary 
onditions : plane Wall everywhere

◮
EOS : Ideal Gas law with γ = 1.4

◮
CFL = 0.5

◮
limiters for

−→w : χg = 0.5, χf = 1.0
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Results

Sod sho
k tube - t
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Results

Results - Monomaterial des
ription - Sedov Blast wave

Initial Conditions

◮
Mesh : 30× 30 
ells

◮
Lagrangian s
heme : EUCCLHYD

◮
boundary 
onditions : plane Wall

everywhere

◮
EOS : Ideal Gas law with γ = 1.4

◮
limiters for

−→w : χg = 0.7, χf = 1.0
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Results

Sedov blast wave - t
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= 1
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Results

Results - Monomaterial des
ription - Saltzman test 
ase

Initial Conditions

◮
Mesh : 100× 10 
ells

◮
Lagrangian s
heme : EUCCLHYD

◮
boundary 
onditions : plane wall on the top, bottom and right

boundaries. Normal velo
ity imposed on the left boundary :

−→v · (1, 0)T = 0.01.

◮
EOS : Ideal Gas law with γ = 5/3

◮
limiters for

−→w : χg = 1, χf = 0.5
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Results

Saltzman test 
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Results

Results - Monomaterial des
ription - Triple point

Initial Conditions

◮
Mesh : 70× 30 
ells

◮
Lagrangian s
heme : GLACE

◮
boundary 
onditions : plane wall everywhere

◮
EOS : Ideal Gas law with γ = 1.4

◮
limiters for

−→w : χg = 0.1, χf = 0.015
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Results

Monomaterial Triple point - t
�nal

= 5s
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Five-equation Model

Physi
al Model - Two-material des
ription

Des
ription with a single velo
ity and a single total energy :

d

dt

(

∫

V (t)
dV

)

+

∫

A(t)

−→w (t) · −→ν dS = 0

d

dt

(

∫

V (t)
ρ+ dV

)

+

∫

A(t)
ρ+(t)−→µ (t) · −→ν dS = 0 ,

d

dt

(

∫

V (t)
ρ− dV

)

+

∫

A(t)
ρ−(t)−→µ (t) · −→ν dS = 0 ,

d

dt

(

∫

V (t)
ρ−→v dV

)

+

∫

A(t)
ρ(t)−→v (t) −→µ · −→ν dS +

∫

A(t)
p−→ν dS = 0 ,

d

dt

(

∫

V (t)
ρE dV

)

+

∫

A(t)
ρ(t)H(t) −→µ · −→ν dS = 0 .

We also 
onsider the following relations :

◮
spe
ies 
onservation : α+ + α− = 1

◮
mass 
onservation : α+ρ+ + α−ρ− = ρ

◮
Total energy 
onservation : α+ρ+E+ + α−ρ−E− = ρE
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Interfa
e model

Interfa
e model

The interfa
e Γ = Ω+ ∩ Ω−
is des
ribed using a level-set representation :

Γ = {−→x ∈ Ω, φ(−→x ) = 0}

with φ the signed Eu
lidian distan
e de�ned as :

φ : R → R

−→x → φ(−→x ) =











d(−→x ,Γ) if

−→x ∈ Ω+

−d(−→x ,Γ) if

−→x ∈ Ω−

0 if

−→x ∈ Γ

The motion of the interfa
e Γ is given by the �nite volume level-set equation :

d

dt

(

∫

V (t)
ρφ dV

)

+

∫

A(t)
ρφ −→µ · ν dS = 0

The lo
al normal to the interfa
e is 
onne
ted to the gradient of φ :

−→n = −

−→
∇ (φ)

||
−→
∇ (φ) ||

. It is used to 
ompute the surfa
es of ex
hange A+
k
and A−

k

(PLIC pro
edure) involved in the 
onservation equations.
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Interfa
e model

Reinitialization step

The "distan
e" property of the fun
tion φ does not hold as time evolves.

After solving the 
onservation equations, a reinitializing step is performed

by solving the IVP on the updated mesh Mn+1
:

∫

V (t)

(
∂

∂t
(φ)− φ

−→
∇ · (−→w )

)
dV +

∫

A(t)

φ
−→
d · −→ν dS =

∫

V (t)

sign(φ0) dV

(17)

φ0 = φ(−→x , tn+1)

with

−→
d = sign(φ0)

−→
∇ (φ)

||
−→
∇ (φ) ||

.
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Numeri
al S
heme

Numeri
al S
heme - Two-material des
ription

d

dt
(Vj) +

∑

k∈E(j)

Ak
−→wk · −−→νj,k = 0 ,GCL

d

dt

(

α+
j ρ+j Vj

)

+
∑

k∈E(j)

A+
k ρ

+,up
k

−→µk · −−→νj,k = 0 ,mass +

d

dt

(

α−
j ρ−j Vj

)

+
∑

k∈E(j)

A−
k
ρ
−,up
k

−→µk · −−→νj,k = 0 ,mass -

d

dt

(

ρjVj
−→vj
)

+
∑

k∈E(j)

Ak

(

ρ
up

k

−→
v
up

k
−→µk · −−→νj,k + pj,k

−−→νj,k

)

= 0 ,momemtum

d

dt
(ρjVjEj) +

∑

k∈E(j)

Ak

(

ρ
up

k E
up

k
−→µk + pj,k

−→vk
)

· −−→νj,k = 0 , total energy

Conservation of spe
ies, mass and total energy is expressed using the 
onsistent

relations :

1 = α+
j + α−

j ,

Akρ
up

k
= A+

k
ρ
+,up
k

+ A−
k
ρ
−,up
k

Akρ
up

k
E
up

k
= A+

k
ρ
+,up
k

E
+,up
k

+ A−
k
ρ
−,up
k

E
−,up
k

Ak = A+
k + A−

k
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Numeri
al S
heme

Computation of the volume fra
tion αn+1
j from φn+1

j

1. Solve the Semi-dis
rete formulation of the level set equation :

d

dt
(ρjVjφj) +

∑

k∈E(j)

Akρ
up
k φup

k
−→µk · −−→νj,k = 0

and dedu
e φn+1
j from the equation of mass.

2. Then, reinitialize φn+1
j by seeking the stationary solution of the

equation

d

dt
(φjVj) +

∑

k∈E(j)

Ak (ρ
up
k φup

k − φj)
−→
dk · −−→νj,k = sign(φ0)Vj

3. interpolate the nodal values of φ from the 
entered values using the

arithmeti
 mean :

∀r ∈ N , φn+1
r =

1


ard (C(r))

∑

j∈C(r)

φn+1
j
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Numeri
al S
heme

Computation of the volume fra
tion αn+1
j from φn+1

j

4. in a mixed 
ell, sear
h the points whi
h 
an
els φ on the surrounding

edges for whi
h φr φr+1 < 0.

−→x = (1− β) −→xr + β−−→xr+1

with β = −
φr

φr+1 − φr

5. 
ompute V ±
j , α±

j and �nally A±
k from the set of nodes.
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Numeri
al results

Results - Two-material Triple point

Initial Conditions

◮
Mesh : 280× 120 
ells

◮
Lagrangian s
heme : GLACE

◮
boundary 
onditions : plane wall everywhere

◮
EOS : Ideal Gas law

◮
limiters for

−→w : χg = 0, χf = 0. (Eulerian Framework)
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Numeri
al results

Two-material Triple point. t
�nal

= 5


li
k here to start

Figure : Density map for the multimaterial triple point test 
ase in the Eulerian

framework. The white line denotes the interfa
e.
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Numeri
al results

Results - Multimaterial des
ription - Rayleigh-Taylor instability

Initial Conditions

◮
Mesh : 32× 160 
ells

◮
Lagrangian s
heme : GLACE

◮
boundary 
onditions : plane wall everywhere

◮
EOS : Ideal Gas law with γ = 1.4.

◮
limiters for

−→w : χg = 0, χf = 0. (Eulerian
Framework)
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Numeri
al results

Two-material Rayleigh-Taylor instability. t
�nal

= 10


li
k here to start

Figure : Density map for the multimaterial Rayleigh-Taylor test 
ase in the

Eulerian framework. The white line denotes the interfa
e.
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Con
lusions and perspe
tives

◮
Our numeri
al s
heme seems to be robust and a

urate.

◮
A lot of work to do for the multimaterial des
ription.

◮
The global 
omputational method for the grid velo
ity is ine�
ient for


omplex �ows that are 
omposed of both vorti
es and sho
ks. A lo
al

method should be used instead.

◮
The extension to the 
ase nbmat ≥ 3 is in progress. The main idea is to

use nbmat− 1 level set equations for ea
h interfa
e, the main problem

being the reinitializing step that may be mu
h more 
ompli
ated (and

time 
onsuming).
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