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cea Scientific context

Simulation of applied, non-stationnary, and compressible single-fluid flows (shocks and grid
deformations)

The numerical scheme must comply with several constraints :
Arbitrary evolution of the computational domain and grid
Exact conservation of mass, momentum and total energy
Thermodynamically consistent capture of pressure work (hence entropy)
Robustness and stability in presence of shocks and mesh deformations

Compatibility with other physics and competing stiff phenomena

Usually, simulation of continuum dynamics use Eulerian or Lagrangian reference frames
Eulerian : simulations on fixed grids — stable and robust results but diffusive schemes

Lagrangian : grids evolve with material velocities — less diffusive but critical grid
distortions when simulating realistic flows

These combined features have encouraged the use of ALE (Arbitrary Lagrangian Eulerian)
methods in CFD.



cea ALE methods

Two main types of ALE approaches

Indirect ALE : coupling a Lagrangian evolution phase to a remapping procedure after each
or several time steps
<> results more robust and less diffusive but conservation issues in staggered mesh and

computational cost of remapping in 2-3D
Direct ALE : grid subjected to arbitrary motions
< mass, momentum, and energy fluxes are taken into account directly in the discrete

evolution equations
< grid node velocities are given a priori (user defined), and possibly constraint by boundary
conditions, Lagrangian limit, tracking of characteristics, etc ...



cea Mimetic schemes

Application of least action principle to discrete action integral

Special case of broad class of numerical mimetism : transposing as accurately as possible
some critically important physical constraints into discrete equations

Use of mimicking schemes rather limited in CFD

< non-holonomic constraints with mass and entropy advections and non-symetric form of
discrete Lagrangian can lead to non-conservative evolution equations

However, application of least action principle is well motivated in CFD

o Capture of the pressure work done in a thermodynamical consistent way
o Derivation using only algebraic quantities instead of the usual PDEs
o Yields powerful numerical schemes for long time integrations when applied to Hamiltonian systems

Reminders on the least action principle :

Start from continuous Lagrangian of hydrodynamics :
L= Jpuipi — pe(p) + ¢[ep + (pui) )]

Application of least action principle A = [ %&b + g—iéu; + %6p d3xdt
Evolution equations for mass and momentum in the local grid frame

Oep + (pui),i =0, (1a)
O (pi) + (puivy) j = =P (1b)

where w, u and p = u+ w are resp. grid velocity, relative velocity and absolute velocity



C2A  Present approach

The approach developped here tends to regroup

Direct ALE formalism — robustness and stability in presence of strong shocks and
deformations

Least action principle — thermodynamically consistent capture of pressure work
Similar combinaisons already tested :

ALE + LAP — [Koo, 2000]

Incomp. Euler + symplectic LAP — [Pavlov, 2011]
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Space and time localisations of thermodynamic quantities and

velocities
bved
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FicURE: (a) 1D representation of a space-time element with the localisation of thermodynamic quantities and
velocities; (b) Space localisation of grid and relative-to-grid velocities, and of the corresponding upwinding
coefficients.

Notations :
w grid velocity
u fluid velocity relative to the grid
© = u+ w absolute velocity of the fluid
s”, outward pointing vector to boundary between c—d (magnitude given by the area of the

c—d)
0231/2 = %[1 + s.ign(sgjl/2 . ug+1/2)] off-centering factor of transport from c to d

p and e resp. density and internal energy
At"HY2 = 0+l _ 0 time step between t” and t"t!



cea Discretization of internal and kinetic energies

Internal energy
/ / pe(p) d*<dt ~ > " At"VIplel . (2)
n c

Kinetic energy

// 30(ui+ wi)? dxdt ~ Y TN A R (T I )
n (o

Remarks :
At" = L(AH2 4 An—Y2)

pdE =T W with wET = s wp
w2 is At"=Y2/2 behind density p allows to factorize p! when obtaining the discrete

absolute velocity equation

. . . . . . .. 1 1
Full midpoint rule in time in the Lagrangian limit as V/pl = VC"Jr /prr /2



Discretization of mass transport

- o
UeSeq At

1 ontl 1 +1/2_n+1/2  n+1/2 pi1 +1/2 _n+1/2  n+1/2 pi1
VLl ynpn A pntl/2 Z (o7 /SZC / -l /pZJr - /srcvd / u” /pg+ )=0. (4
deD(c)

Remarks on (4) :
Simple first-order-in-space-and-time upwind scheme for the computation of the mass fluxes
between cell ¢ and d
p must be At”_1/2/2 ahead of w as already observed for Ec
— implicit mass transport but explicit absolute velocity equation
Mass transport as a rudimentary version of Lagrange plus remap approaches
1st accuracy is not incompatible with 2nd order of Ei and Ec but acceptable as a starting
point
— motion relative to the grid only a correction over the motion captured by the grid



cea Discrete action integral and variational equations

Discrete action integral of the system
— —1
A=Y { A Y - aveser
n c

VR VAT S (P )
deD(c)
with the least action principle
n+1/2 0A L5, n—1/2 0A n) _
SA = ZZ((%M/Z c +au2‘1/2 sul +8pg5pc) =0. (5)

yields the discrete Euler—Lagrange equations

n+l n+l n_n n+1/2 nlf2ontl/2 kY2 gl ontl/2entl/2 o ntl/2 ongly
VIRt — V2pZ 4+ At Z (00 "seg e ol Odc  Sdc ug gty =0,
deD(c)

V" n 1/2: Z O_Zd 1/2 n— 1/2(¢n 1/2 ¢n 1/2),
deD(c)

ST — T = A (el 4 PI/pR) — AtV L (272 — (wiT)?)



C2A  Global strategy of the discrete derivation

The numerical scheme must respect several important properties

Elimination of Lagrange multiplier ¢

Fully conservative in mass, momentum and total energy

Only pressure forces are retained

Explicit evolution of absolute velocity equation (or at least linearly implicit)
In order to preserve these properties, the global strategy of this work is

Cancel discrete numerical residues at the scheme’s order (i.e. 2nd order in Lagrangian limit
but only 1st order in Eulerian limit)

Introduction of so-called time flux terms [CSTS, submitted] when necessary
Correction of evolution equations as close as possible to the variational equations

Internal energy equation derived from conservation of total energy
< only physical and residual fluxes are left when summing kinetic and internal energies



cea Main steps of the linearly implicit numerical scheme iSMASH

1) Explicit evolution of absolute velocity

n+1/2 ug’l/Z):—At” Z a+o7 1/27(7;;1/2 n— 1/2(P P

Vipe(pe

tn—1/2 Z n 1/2 ZC 1/2 UZ—I/ZPZ (“’271/2 _ “2—1/2) . )

1/2
2) Choice of a grid velocity w"+/
3) Linearly implicit evolution of mass transport
n+l ntl non_ antl/2 n+1/2 _n+1/2  n+1/2 ntl n+1/2_n+1/2  pt1/2 ntl
Ve pe — Vepe = At / N G A e / pe) (®)
deD(c)

4) Linearly implicit evolution of internal energy

1 nt+1_nt1/2 1/2 4 (A2 _pn—1/2 1/4 —1/a
VI I eIyl plel = — LA™ P[P QI (v 1T - (B AT T (o QU2 ((V ) 1T ()T
+1/2 n+1/2_n41/2  nb1/2 pdl ntl/2 n+1/2 nt1/2  nt1/2 bl ntl/2
NG Do (oo sl g Pprttertt R U A Ay

deD(c)
+1/2 +1/2 n+1/2 +1/2 +1 +1/2\2 1/2\2
— AR ST ol AR TR (g ) — (V)
deD(c)
1A n—1/2 n—1/2.n—1/2  n—1/2 n, n—1/2 n—1/2 nt1/2 | n—1/2
+ fAt / Z Ted Scd s uc /pc(ud M / )'(”‘d + oy ) 9)
deD(c)
with
1/2 n+1/2 +1 +3/4
ert? = *%%[’“r@]? (V)23
+1/4 _ 1/2 —1/2\ n—1/2 +1/2 —1/2 —1/2\_n—1/2 +1/2
(VY > Gu+ol / ”Zc/)SZd/'“Z /Jr%(lfagd/*UZc/sgd/'“g /)'

deDl(c)



cea Explicit numerical scheme eSMASH

Solving a linearly implicit system for iSMASH with a total number of cells / involves
1D : tridiagonal decomposition (algorithmic complexity O(3/))
2D : band matrix decomposition (algorithmic complexity O(Iv/1))

For performance purposes, we propose an explicit version of iSMASH scheme
Same discrete action integral than iSMASH

Approximation of an explicit mass transport once variational equations are obtained
(numerical residue of this approximation is at the scheme’s order)

eSMASH numerical scheme obtained by using the same global strategy of derivation as
iSMASH



cea Main steps of the linearly implicit numerical scheme eSMASH

1) Explicit evolution of absolute velocity

1/2 —1/2 1/2 —1/2 1/2
VI =l = —adt 30 Aol R = ol sl R (P - P)
deD(c)
n—1/2 n 1/2 n—1/2  n—1/2 n—1 n—1/2 n—1/2
+At > @ Sgc | Ug pg (kg T —we 7T) . (10)
deD(c)
1/2
Choice of a grid velocit w"+/
g y
3) Explicit evolution of mass transport
1 1 1/2 1/2 1/2 1/2 1/2 _n+1/2 1/2
L A A N D D (R e ) (1)
deD(c)
4) Explicit evolution of internal energy
V;+1pg+1eg+l _ V:pgeg+l/2 _ —%At"+1/2[P + Q]2+1 (V- l">2+3/4

n+1/2 _pn—1/2 n n e
B A T 4 QU - ) T (v )TV

n+1/2 Z ( n+1/2 n+1/2 Q+1/2pgeg+1/2 _ 02:1/25231/2 X uz+1/2pge;7+1/2)

deD(c)
1 n+1/2 n+1/2 n+1/2 n+1/2 n+1/2 2 n+1/2,\2
— FAYR ST AR R 0 (R — (TP
deD(c)
1 —1/2 n—1/2_n—1/2 —1/2 n—1,, n—1/2 —1/2 n+1/2 n—1/2
LV S e R e (P T W (VAR SV i B €)'
deD(c)

with

+1/2
V2 = o L AGE Ip  QUV - YA

o0
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cea Numerical tests

Behavior of numerical schemes analyzed by performing several usual test cases involving shocks
and advections (Sod, Sedov and Triple point tests)

In 1D for indifference to implicit (iISMASH) or explicit (eSMASH) advection
In 2D for indifference to grid motion strategy (only eSMASH scheme)
In 2D for versatility in the choice of grid velocity (only eSMASH)

In all test case results
Fluid supposed to be a perfect gas P = (v — 1)pe with v the isentropic coefficient
Test results are moslty density profiles (velocity and pressure strongly correlated to density)
Optimal values of artificial viscosity P — P + Q where a; = 0.5 and a; = ”’T'H [Lew, 2003]

Time step of simulation bounded by usual CFL condition (sound velocity and advection)



cea 1D tests to indifference to implicit vs explicit advection

Sod’s shock tube :
Left: w=0
Center : w =2.2
Right : w = —1.2

Plane Sedov's blast
wave

Left: w=0

Center : w = 1.2
Right : w = —1.2

Analytical solution Analytical solution —
Vel el Sl 1
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08 08
07 o7
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05 0s
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02 04 06 08 1 ulu 010 02 04 06 08 1

| = 1000 cells, CFL = 0.8 for both implicit and explicit advections

4 4
3 Analytical ol 3
3 s 3
25 25
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| = 1000 cells, CFL = 0.9 for both implicit and explicit advections
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0.9 Explicit - 09 Explicit *
0.8 0.8
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0.4 0.4
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0.2 0.2
0.1 0.1

0.2 0.4 0.6 0.8 1 0 02 0.4 0.6 0.8 1
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wxy =0, wy, =5x—25




cea 2D tests to indifference to grid motion strategy

Analytical solution —— Analytical solution ——
Explicit Explicit

I 240x240 200x100
w wx =wy =0 wx =y, wy =0




2D illustrations of versatility in grid motion strategy

2D Sedov

:z T :E i
Density — 2 e
i 240x240 30x30 30x30
w 0 0,99ul28 Tulae

with 7 = (¢/t0)*/14(t/15)?




cea 2D illustrations of versatility in grid motion strategy

Initial conditions of Triple point test
Y

3

i 700x300 700x300
w 0 < 8 >y€0,1.5]
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C2A  Conclusions and perspectives

In this work, presentation of a novel 2D scheme for simulating single-fluid compressible flows :
Direct ALE formalism — arbitrary evolution of grid
Mimetic approach — capture of pressure work thermodynamically consistent
Exact conservation of mass, momentum and total energy

Robustness and stability in presence of shocks and deformations

Perspectives and current works :
To be submitted soon
Second-order accuracy
Extension to multiple fluids (N > 2)

Exchange terms for gas—particles flows



