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Overview of multi-material arbitrary Lagrangian-
Eulerian (ALE) approach

= We develop algorithms for “Lagrange+remap” ALE:
(
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Lagrange phase, physical time ¢ Remap phase, pseudo-time 7

= Materials representation: material indicators
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material 1 material 2

= Discretization: high-order (HO) finite element methods
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Overview of Lagrange phase

Solve Euler's equations on a moving mesh with high-order FEM

Materials

Mass
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Momentum

Position

Continuous Lagrange
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Physical time evolution
Based on physical motion

Semi-discrete Lagrange
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Galerkin discretization
Explicit HO time integration
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Overview of remap in multi-material ALE

= Fields to remap

— Material indicators: Nk an =1 0<n <1
— Densities: Pk 3

— Specific internal energies: €k k — material index
— Single velocity: v

— Primary vs. conservative variables: (7k, Mk Pk, Mk Pk€k, V)

= Requirements
— Conservation of material volume, mass, internal energy; momentum:

4 d d i o
E/”k_o E/”kpk—o E/nkpkek—o e ot =0

— Monotonicity, compatibility:
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Remap equations and discretization
Advection-based discontinuous Galerkin (DG)

Continuous Remap Semi-discrete Remap
. dnk: d77
Materials " —u-V M—k — K
dr Y o dr M
d(Mkpr) d(np)x :
Mass — . M — K DG advection
dr w- ¥ (mwpr) dr (1P) of Nk, Pk, €k
d kPkECL d €L
Energy U de ) _ u - V(ngprer) M (Z’; e _ K(npe)s
d(pv) dv Continuous FE
Momentum — — u -V (pv) MVE = Kyv advection of U
dr dx _
Position 4= u dr a
Zonal DG mass matrix Global velocity mass matrix
M;; = / ;P (My); = / PW;W;
Q Q

DG advection matrix Velocity advection matrix
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Discretization method
Properties

= High-order approximation.
= Conservative on semi-discrete level.

= Preserve constant, linear, and high-order
polynomials under suitable conditions.

= Discretization in pseudo-time: high-order RK
methods (e.g. SSP).

= Generally not monotone — fix with algebraic FCT

= We use positive (Bernstein) DG basis: important
for our algebraic approach.

—

Bernstein basis

I

R. Anderson, V. Dobrev, Tz. Kolev and R. Rieben, “Monotonicity in high-order
curvilinear finite element arbitrary Lagrangian—Eulerian remap” 2014, JNMF
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Algebraic FCT algorithm: low-order method

Discrete upwinding and mass lumping

= A low-order monotone method is constructed by defining:

M*=M!'=M+L K=K+ D
Lij _ _Mij 7J 7é ] D.. — maX(O, _Kija _Kji) 1 # _]
2rzi Mk 1= N = ki Dik =]
= Then the low-order method has the form:
d
dr

= For the DG spaces using positive basis, both L and D are
block-diagonal, i.e. element-wise.

= This low-order method is compatible!
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Algebraic FCT algorithm

Flux limiting

Consider a forward Euler discretization MAn? = A7Kn

for both high-order and low-order e n T .
solutions: M"An” = ATK™n

The high-order solution can M*A’I’IH — M*A’T]L + (M* _ M)A’I’]H _ ATD’I?

be written as:

We have anti-symmetric f’LJ — M’L] (ATIZI_I — A'I’]f) + ATDU( 773)

high-order flux correction:

We can apply a symmetric * *
pply a sy M An, = M; Anz + E aitis

(conservative) scaling factor

per-DOF flux network
JFu
Scaling based on worst . ( + —) £ 0 n AnAi’maX
case scenario of all o min (&, , aj ¥ a:- =min | 1
. . Q5 = . t AnA=L
positive/negative fluxes : + f 0 n
- min (o, , & ij <

contributing together ¢ J A A+ max max I
n;, =n,  —n;
k

lterated FCT: M* A’l’]z A’T]z + E azy ] M; A’I] Z £ij

j#i fi >0
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Compatible FCT algorithm

Primary field compatibility min < (np )’6 < pmax
constraints, imposed at DOFs p 7 — 77 ' — p 7
1

Satisfies the bounds!  Average zonal density

Remap phase /
| | o 4o o)t
Compatible low-order field (np)z,z — nz,zpz p, = S m = M*1
z z
Compatible low-order fluxes fg = fzg —+ (CL‘] — wz) xr = %M* ((’r,p)LC — (np)L)

Apply FCT with compatible M* (7710) — M* (np)LC + Z Qi fg

low-order field and fluxes
i N\

Limiting factors based on
= Similar treatment for the energy (npe) using (np) the density bounds
= Similar treatment for post-Lagrange (1, p, e) — (1, np, npe)

= Alternative: the compatible method of Schar and Smolarkiewicz (S&S)
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Numerical test
Material indicator in 2D Taylor-Green vortex problem

Q2-Q1 method
40x40 mesh

= Artificial vertical
material interface

A0

= Final time t=0.75

Not compatible!
= All cases use the

compatible post-
Lagrange transition

All tests were performed

with the BLAST code Independent FCTs New Compatible
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Numerical test
Material indicators advection

Initial material indicators
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Numerical test
Material indicators advection

Final material indicators

Var: materials -
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Numerical test
3D unstructured multi-material triple point problem

total density materials

‘ . I | - , -
0.10 0.62 1.35 2.57 8.50 1.00 1.50 2.00 2.50 3.00

o ™

«  Q2-Q1 + Q2 indicators, RK2 Lag, RK2 remap, hyper-viscosity limiter, ale_period 40 + neo-Hookean non-linear
relaxation
» 256 processors, 6,340 cycles, 2.71 seconds/cycle
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Numerical test
Axisymmetric flyer-plate rod impact

D. Haylett et. al. flyer-plate rod impact experiment
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Multi-material Q2 Eulerian simulation
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NIC capsule with with jet through origin
Hydrodynamics-only (thanks to A. Kaptanoglu, S. Langer)

DB: capsule 42746.mfem roo’r
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Element based FCT

Algorithm summary (with D. Kuzmin and M. Quezada de Luna)

High-order “point” fluxes:
* L
M (7 —n;) =

fH —0 The fluxes are
T — conservative on

icK each element

H
fi

Use smaller neighborhood:
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Clipped HO solution/fluxes:

max

NP max (™ nl))
M (nf —ny)

Conservation is lost!

Recover conservation locally:
MG (n; —
M5 (n; —

z; = wW; + £ /A min(0, 1 — Agw,; /)

775) = o;f}
775) 7 — Akz;

= choose same «; or
= solve an equation for A\
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Element based FCT

Results
[ SN —q, [ , _q,
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Summary

We have developed multi-material remap algorithm for high-order
meshes and fields that:

— Based on material indicator functions

— Does not require interface reconstruction

— Interpolates (remaps) the conserved variables

— Uses high-order advection-based DG discretization

— Utilizes compatible algebraic FCT monotonicity algorithm

Future work:

— Multi-material element based FCT remap

— Improve monotonicity algorithm for higher orders
— Exact conservation on fully discrete level

Papers and additional information:
— BLAST project, http://www.lInl.gov/casc/blast
— FEM software, http://mfem.org

More about BLAST in T. Kolev's talk (closure models) and R. Rieben's
poster (performance optimizations, applications)
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